The present paper constructs a family of three-sector models of optimal endogenous growth, and conducts exact bifurcation analysis. In so doing, original six-dimensional equilibrium dynamics is decomposed into fivedimensional stationary autonomous dynamics and one-dimensional endogenously growing component. It is shown that the stationary dynamics thus decomposed undergoes supercritical Hopf bifurcation. It is inferred from the convex structure of our model that the dimension of a stable manifold of each closed orbit thus bifurcated in this five-dimensional dynamics should be two.
Introduction
The present paper constructs a continuous-time model of optimal endogenous growth in which an optimal path fluctuates around a balanced growth path (i.e. BGP). The model extends the two-sector models of Uzawa (1965) and Caballé and Santos (1993) , in which an optimal path do not fluctuate around the BGP. The main result is to show that this would no longer be the case if the third stock variable is included in the model. By using a bifurcation theorem, the paper demonstrates that, with three stock variables, economic fluctuations may occur along an optimal path around the BGP. Uzawa (1965) introduces a continuous time and two-sector model of optimal endogenous growth with physical and human capitals and with a linear felicity function. Owing to the linearity of felicity function, transitional dynamics in his model exhibits corner solutions. Caballé and Santos (1993) construct a large class of continuous time and two-sector models of optimal endogenous growth with physical and human capitals and with a strictly concave felicity function. They use convex technology that is more general than that used by Uzawa (1965) . Owing to the strict concavity of felicity function, transitional dynamics in their model exhibits robust interior solutions. They first consider the class of technologies such that an educational sector uses human capital alone as an input of capital stock, and they show that within this class, if an optimal BGP exists, it is unique and globally asymptotically stable. They also consider the class of technologies such that an educational sector uses both physical and human capitals as an input of capital stock, and they treat some problems on interior transitional dynamics. From a purely logical point of view, one could not exclude the possibility that BGP might lose either uniqueness or stability as technology would vary within this class. However, even if the BGP might lose stability within the class, there would be no interior endogenous fluctuations around the BGP, as discussed in the next paragraph.
Consider a continuous time and multi-sector model of optimal endogenous growth that includes two heterogenous capitals with a strictly concave felicity function and with convex technology. And suppose that structures of preference and of technology in this hypothetical model permit a BGP to exist. The convex structure of this model implies that if an interior optimal solution would exist, it should be unique. And equilibrium dynamics of an interior optimal path in the model could be described by four-dimensional autonomous differential equation that is composed of two heterogenous capitals and of two imputed prices of these two capitals. Thus the original four-dimensional dynamics includes two predetermined and two non-predetermined variables. And by means of some log-linear variable transformations, this four-dimensional autonomous dynamics should be able to be decomposed into three-dimensional stationary autonomous dynamics and onedimensional endogenously growing component in such a way that the resulting three-dimensional stationary Tadashi Shigoka is the corresponding author. © 2019 Walter de Gruyter GmbH, Berlin/Boston. dynamics includes one predetermined and two non-predetermined variables and that a steady state of this stationary dynamics corresponds to the BGP of the original four-dimensional dynamics. Suppose that a steady state of the stationary dynamics is hyperbolic. Since an interior equilibrium is at most unique, and since the stationary dynamics includes only one predetermined variable, the hyperbolic steady state should have at least two unstable roots, and only one characteristic root of it could change the sign of its real part. 1 If interior equilibrium should be at most one, (in other words, if equilibrium is determinate,) and if one would work within a continuous time model, one should have at least two predetermined variables in stationary dynamics in order to obtain endogenous fluctuations such as due to a stable closed orbit. As long as one works within the framework of our hypothetical continuous time and multisector model of optimal endogenous growth with two heterogenous capitals, one could not obtain endogenous fluctuations around the BGP.
This thought experiment suggests two methods of obtaining endogenous fluctuations around a BGP in continuous time and multisector models of endogenous growth with heterogenous capitals. As one method, one might increase the number of heterogenous capitals in order to make the resulting stationary dynamics include more than two predetermined variables, while keeping the number of interior equilibrium at most one. As an alternative method, one might introduce external effects into the above hypothetical model in order to make equilibrium indeterminate, while keeping the number of capital two. The present study pursues the first approach, because this approach has not yet been pursued in the literature, 2 and because in sharp contrast, the second approach has already been pursued extensively in the literature. 3 We construct a family of multisector models of optimal endogenous growth with three heterogenous capitals and with a strictly concave felicity function, and conduct exact bifurcation analysis. In so doing, original six-dimensional equilibrium dynamics is decomposed into five-dimensional stationary autonomous dynamics and one-dimensional endogenously growing component. Fundamental characteristics compatible with the existence of a BGP, combined with the choice of a Cobb-Douglas technology, introduce strong log-linear structure into our model, which in turn enables us to elicit two-dimensional autonomous stationary dynamics from the five-dimensional stationary dynamics under appropriate variable transformations. The present study shows that the two-dimensional stationary dynamics thus elicited undergoes supercritical Hopf bifurcation. The convex structure of our model implies that if interior equilibrium would exist, it should be unique, which implies in turn that the dimension of a stable manifold of each closed orbit thus bifurcated in the five-dimensional stationary system should be two, since the bifurcation is supercritical and since the number of predetermined variable in this system is two. In other words, a closed orbit around the BGP is locally determinate and stable.
The rest of the paper is composed of the following sections. Section 2 presents our model. Section 3 characterizes equilibrium dynamics of the model. Section 4 applies bifurcation analyses to the equilibrium dynamics. A set of appendices has been gathered at the end of the paper.
The model
The present study considers a continuous time and three-sector model of optimal endogenous growth with three types of heterogenous capital goods K i , i = 1, 2, 3. Each sector accumulates each type of capital goods. The goods produced by the first sector is also utilized as consumption goods C. Formally the model is given by the following intertemporal optimization problem. 
where K ij is an input of the i-th capital into the j-th sector, and̄> 0 is an initial endowment of the i-th capital, and where σ > 0, ρ > 0, e i > 0, β ij > 0, and g ≥ 0. We assume constant returns to scale technology.
For the given intertemporal optimization problem (1), C, and , , = 1, 2, 3, are control variables, , = 1, 2, 3, are state variables, and ( 1 (0), 2 (0), 3 (0)) = (̄1,̄2,̄3) is an initial condition. An optimal solution of the problem (1) should satisfy
The condition (2) is called the summability condition. Intertemporal elasticity of substitution 1/σ and rate of time preference ρ are constant, and production functions are homogenous of degree one with respect to reproducible production factors. The structures of preference and of technology are compatible with the existence of a BGP. The present study imposes further restrictions on parameters characterizing preference and technology in order to guarantee that there is an interior optimal BGP on which consumption goods and each capital grows endogenously with positive constant rates and on which the transversality and the summability conditions are satisfied.
Let 
In the present study we make the following assumption.
Assumption 1
1. There is a positive constant μ > 0 that satisfies the following conditions.
Let ω > 0 be defined as
Let C denote the inverse matrix of B.
C ∶= B −1 .
Let 1 ∶= (1, 1, 1). Then we have
Let I 3 denote the 3 × 3 identity matrix, and let e 1 ∶= (1, 0, 0) T . 4 Then we have the following result. See Appendix 1 for the proof.
Lemma 1
Suppose that Assumption 1 is satisfied. 
Equilibrium dynamics

Maximum principle
In the present study that treats a multi-sector model, we have to make explicit whether a given vector is either a row vector or a column vector, in order to avoid possible confusion. In the present study, ℝ n refers to a set of all real 1 × row vectors. Hence if a ∈ ℝ , then a refers to a 1 × row vector, and a T refers to an n × 1 column vector.
The problem (1) is solved by defining the current value Hamiltonian ℋ and the current value maximized Hamiltonian ℋ * , and by applying the maximum principle to ℋ * . Let
where C > 0, and ≥ 0, , = 1, 2, 3, and where P i is an imputed price of K i , and W i is a rental price of
Let c ij denote the (i, j)-element of C for each , = 1, 2, 3. Let (P), = 1, 2, 3 be functions of P ∈ ℝ 3 ++ defined as 1 (P) ∶= Let W(P) ∶= ( 1 (P), 2 (P), 3 (P)). Let H(P) be a 3 × 3 matrix-valued function of P ∈ ℝ 3 ++ defined as
By construction we have 
Since 1C = 1, we also have
At the end of the present subsection we shall show that N is a non-empty open subset of
++ be a 1 × 3 vector-valued functions of (K, P) ∈ defined as
Then we have
Let ℋ * ∶ → ℝ be defined as
Then by the equalities (4), (5), and (6), ℋ * is the maximized Hamiltonian of ℋ for (K, P) ∈ . Since ℋ is concave in (K, , { } , =1,2,3 ), ℋ * is concave in K by the lemma in Kamien and Schwartz (1991, p. 222 ). Hence we can apply the maximum principle to ℋ * = ℋ * (K, P) for (K, P) ∈ . We obtain the following system of ordinary differential equations and of boundary conditions. 
(
where K i is a predetermined variable, P i is a non-predetermined variable, the condition (9) is an initial condition, and the condition (10) is the transversality condition. The interiority condition (11) guarantees that the maximized Hamiltonian is well defined. If a solution of this system satisfies the summability condition (2), the solution is an optimal solution of the problem (1). Suppose that an interior BGP exists, and let μ K and μ P be balanced growth rates of capital and of its imputed price, respectively. Then we have = − from the equation (7), and = − from the equation (8). Thus by Assumption 1.1 = > 0, and by Assumption 1.1.b the transversality and summability conditions are satisfied on the BGP.
Before leaving the present subsection, we construct a candidate of an interior BGP of the optimal endogenous growth model (1). LetX ∈ ℝ 3 be defined as
By Lemma 1X T > 0 3 . LetΛ be a one-dimensional manifold in ℝ 6 ++ defined as
ThenΛ ⊂ , because for λ > 0,
++ . Therefore N includes some open-neighborhood ofΛ . In the next subsection we shall show thatΛ constitutes an interior BGP of the growth model (1).
Decomposition
The present section decomposes the six-dimensional system of equations (7) and (8) into five-dimensional stationary autonomous component and one-dimensional endogenously growing component. Let 1 = 1 ( , ) and 2 = 2 ( , ) be functions of ( , ) ∈ ℝ 2 defined as Let = ( ) be a function of ∈ ℝ given by the definition (33) in Appendix 2. Let L = L( , ) be a 3 × 3 matrix-valued function of ( , ) ∈ ℝ 2 given by the definition (34) in Appendix 2. Let ℎ = ℎ( , ) be a function of ( , ) ∈ ℝ 2 given by the definition (35) in Appendix 2. By construction each of these functions is sufficiently smooth, (0) = 0, L(0, 0) = O 3 , and ℎ(0, 0) = 0, where O 3 denotes the 3 × 3 zero-matrix. Let e 3 ∶= (0, 0, 1) T . Let X i , i = 1, 2, .., 5 be defined as
Let ∶= log , and ∶= log , i = 1, 2, 3. Let ∶= log , i = 1, 2, .., 5. Then by the relation (36) in Appendix 2 the six-dimensional system of equations (7) and (8) are decomposed into the following three components.
The system (14) is a two-dimensional stationary autonomous component. The system composed of the differential equations (14) and (15) (14) and (15). SinceX T > 0 3 by Lemma 1, * = log * , i = 3, 4, 5 are well defined. Let T( ) be the 5 × 6 matrix given by the definition (37) in Appendix 3. The rank of T( ) is five. Consider the following one-dimensional manifold Λ * in ℝ 6 ++ .
By the relation (38) in Appendix 3, the manifold Λ * constitutes a BGP of the optimal growth model (1). We obtain from the construction of T( ), (K, P) ∈ Λ * , if and only if (K, P) = (X, − 1) for = − 1 3 . Therefore we have
whereΛ and N are the sets given by the definitions (13) and (3). Since Λ * ⊂ , and since H(P)K T > 0 3 for (K, P) ∈ , the interiority condition (11) is satisfied on Λ * and on some open neighborhood of it. As mentioned in the previous subsection, by Assumption 1.1.b the transversality and the summability conditions are satisfied on Λ * . Thus we have the following proposition.
Proposition 1
Suppose that Assumption 1 is satisfied. The optimal growth model (1) has an interior equilibrium BGP.
Before leaving the present subsection, consider the following set N 1 in ℝ 2 × ℝ 3 ++ for the later use.
By construction, H(P)K T > 0 3 if and only if ( + (x 1 ))X T 2 > 0 3 ∧ 3 > 0 with (x 1 , X 2 ) = ( 1 , x 2 , X 3 , X 4 , 5 ). Therefore, (K, P) ∈ , if and only if ( 1 , 2 , 3 , 4 , 5 ) ∈ 1 ∧ 3 > 0. The set N 1 includes the steady state (0, 0, * 3 , * 4 , * 5 ) and some open neighborhood of it. Consider also the following set N 2 in ℝ 5 for the later use.
Then by construction, (K, P) ∈ , if and only if ( 1 , 2 , 3 , 4 , 5 ) ∈ 2 ∧ 3 > 0. The set N 2 includes the point (0, 0, * 3 , * 4 , * 5 ) and some open neighborhood of it.
Transitional dynamics
The present section considers the transitional dynamics and the local determinacy of equilibrium around the BGP Λ * in terms of predetermined and non-predetermined variables. Let z i , i = 1, 2, and q i , i = 1, 2, 3 be variables given by the definition (39) in Appendix 3. And let M( ) be the 5 × 5 matrix given by the definition (40) in Appendix 3. Then det M( ) ≠ 0, and we have
See the relation (41) in Appendix 3. By construction z i , i = 1, 2 are predetermined variables and q i , i = 1, 2, 3 are non-predetermined variables. Let ( * 1 , * 2 , * 1 , * 2 , * 3 ) be defined as
Then ( * 1 , * 2 , * 1 , * 2 , * 3 )(M( ) −1 ) T ∈ 2 , and let N 3 be a set in ℝ 5 defined as
Then ( * 1 , * 2 , * 1 , * 2 , * 3 ) ∈ 3 , and the set N 3 includes some open neighborhood of it. By construction, (K, P) ∈ , if and only if ( 1 , 2 , 1 , 2 , 3 ) ∈ 3 ∧ 3 > 0. Therefore in some open neighborhood of ( * 1 , * 2 , * 1 , * 2 , * 3 ), the maximized Hamiltonian is well defined, and local dynamics near the steady state ( * 1 , * 2 , * 1 , * 2 , * 3 ) is also well defined.
Let J be a 2 × 2 matrix defined as
Then the characteristic roots of the five-dimensional autonomous stationary system composed of the differential equations (14) and (15) evaluated at the steady state (0, 0,X) are given by two characteristic roots of J and three characteristic roots of C − ( + )I 3 . Consider Example 1, Example 2, Example 3 in Section 2. Each of these examples has two stable roots and three unstable roots.
( 1 , 2 , 3 , 4 , 5 ) one to one corresponds to ( 1 , 2 , 1 , 2 , 3 ) that includes two predetermined and three non-predetermined variables. Thus in each of these examples, the interior BGP is saddle point stable.
Observation 1
For some parameter values of ( , , , , B), the optimal growth model (1) has an interior equilibrium BGP that is saddle point stable.
Since ( 1 , 2 , 1 , 2 , 3 ) includes two predetermined variables , = 1, 2, the stationary autonomous dynamics (14) and (15) might have a closed orbit that is locally determinate and locally stable around an unstable BGP. In other words, the BGP might not always be saddle point stable. For η > 0, letB( ) be a 3 × 3 matrix defined as
(2 + 3 )(1 + ) 5 + 12 + 9 2 (2 + 3 ) 5 + 12 + 9 2 (2 + 3 ) 5 + 12 + 9 2 1 − (2 + 3 )(1 + 2 ) 5 + 12 + 9 2 (2 + 3 )(1 + ) 5 + 12 + 9 2 (2 + 3 )(2 + ) 5 + 12 + 9 2 (2 + 3 ) 5 + 12 + 9 2 1 − (2 + 3 )(1 + 2 ) 5 + 12 + 9 2
Each element ofB( ) is positive and less than 1, and 1B( )= 1. We have detB( ) = 1 5 + 12 + 9 2 > 0.
Let̄=̄( ) be the (i, j)-element of the inverse matrix ofB( ) for each , = 1, 2, 3. Then we have
And the corresponding autonomous dynamics (14) has a pair of pure imaginary complex conjugate roots at a steady state. 5 This suggests that the system (14) undergoes Hopf bifurcation under perturbations of the technology matrixB( ). We conduct an exact bifurcation analysis in the next section.
Existence and stability of closed orbit
Hopf bifurcation
The present subsection applies the Hopf bifurcation theorem to the two-dimensional autonomous system (14). For η > 0, letB( ) be the 3 × 3 matrix given by the definition (17). For η > 0 and for ν in some neighborhood of 0, let B( , ) be a 3 × 3 matrix defined as
As ν varies around 0, the matrix B( , ) generates perturbations of the matrixB( ). We have 1B( , ) = 1 and det B( , ) = 1 − 3(1 + ) 5 + 12 + 9 2 .
Suppose η > 0 and 1 − 3(1 + ) ≠ 0. Let C( , ) denote the inverse matrix of B( , ).
C( , ) ∶= B( , ) −1 .
Let ( , ) denote the (i, j)-element of C( , ) for each , = 1, 2, 3. Let J( , , ) be a 2 × 2 matrix defined as
Then we obtain the following relation.
And we have
[trJ ( , , ) ]| =0 = (9 2 + 6 − 1).
By construction the following four relations hold for η > 0.
5+12 +9 2 − < 1, and 0 < (2+3 ) 5+12 +9 2 + < 1.
If < 1 3(1+ )
, then det B( , ) > 0. Let 1 = 1 ( ) and 2 = 2 ( ) be functions of η > 0 defined as
where min{ , } and min{ , , } denote the minimum element of each set. In the rest of the paper we make the following assumption.
Assumption 2
1. η > 0 and ≠
Let 1 ( , ) = 1 ( , , , , ) and 2 ( , ) = 2 ( , , , , ) be functions of ( , , ) ∈ ℝ 2 × (− 1 ( ), 2 ( )) defined as
Consider the following one-parameter family of ordinary differential equations parametrized by ∈ (− 1 ( ), 2 ( )).
Each element of this family is the two-dimensional autonomous system (14) with C = B( , ) −1 . The Jacobian matrix of the right hand side of the differential equation (22) evaluated at a steady state ( 1 , 2 ) = (0, 0) is given by J( , , ). And we have
By Assumption 2 J( , , ) has a pair of conjugate complex roots as its characteristic roots. Let ( , , ) and( , , ) be conjugate complex characteristic rotos of J( , , ), and let Re( ( , , )) be the real part of ( , , ). Then we obtain Re( ( , , ))| =0 = 2 (9 2 + 6 − 1).
By Assumption 2.1 we have
Re( ( , , ))| =0 ≠ 0. Let = ( , ) be a number defined by the formula (42) in Appendix 4. Let̂=̂( , ) be a number defined by the formula (43) in Appendix 5. Then one can derive the following relation from routine, albeit tedious, calculations under Assumption 2.1.
( , ) =̂( , ).
Therefore the following proposition holds by the Hopf bifurcation theorem (Guckenheimer and Holmes [1983, Theorem 3.4 .2]).
Proposition 2
Suppose that Assumption 2 is satisfied. Let = ( , ) be a number defined by the formula (42). If a < 0, the system (22) undergoes supercritical Hopf bifurcation at ν = 0. If a > 0, the system (22) undergoes subcritical Hopf bifurcation at ν = 0.
The following three examples satisfy Assumption 2. Recall ∶= + + . In each example, Re( ( , ))| =0 > 0, and ( , ) < 0. Thus as ν increases and crosses 0, a locally unique steady state ( 1 , 2 ) = (0, 0) loses its stability, and the system (22) The following example satisfies Assumption 2. In this example, Re( ( , ))| =0 < 0, and ( , ) < 0. Thus as ν decreases and crosses 0, a locally unique steady state ( 1 , 2 ) = (0, 0) loses its stability, and the system (22) undergoes supercritical Hopf bifurcation.
Example 7
Let = 
Center manifold reduction
The present subsection constructs one-parameter family of optimal growth models parametrized by ν based on the optimal growth model (1), and applies the center manifold reduction to equilibrium dynamics of this parametrized family of models and obtains a bifurcation diagram in order to analyze the stability and the determinacy of equilibrium around a closed orbit obtained by supercritical Hopf bifurcation. Let Γ, Π, and Θ be defined as
For η ∈ Γ, let̄( ) denote the (i, j)-element ofB( ). For η ∈ Γ and for ∈ (− 1 ( ), 2 ( )), let ( , ) denote the (i, j)-element of B( , ). For η ∈ Γ and for ∈ (− 1 ( ), 2 ( )), let 1 ( , ), 2 ( ), and 3 ( ) be defined as
For π ∈ Π, let ( ) be defined as ( ) ∶= + + . For = ( , ) ∈ Θ and for ∈ (− 1 ( ), 2 ( )), let 1 ( , ), 2 ( ) and 3 ( ) be defined as
Then Assumption 1 and Assumption 2 are satisfied for a given = ( , ) ∈ Θ and for each ∈ (− 1 ( ), 2 ( )).
In the rest of the present subsection we suppose that
We have the following lemma. See Appendix 6 for the proof.
Lemma 2
Suppose that ( , ) ∈ Θ. Then each characteristic root of ( )C(0, ) − ( + )I 3 has a strictly positive real part.
Consider the following one-parameter family of optimal growth models parametrized by ∈ (− 1 ( ), 2 ( )).
By Lemma 1 for ∈ (− 1 ( ), 2 ( )), det( ( )C( , )−( + )I 3 ) ≠ 0, and each component of ( ( )C( , )−( + )I 3 ) −1 e 1 is strictly positive. Let X * ( , ) ∈ ℝ 3 ++ be defined as
Recall that ( , ) is the (i, j)-element of C( , ). Since det B( , ) > 0, ( , ) is at least twice continuously differentiable relative to ν. Let ( , ) = ( , , , , ), i = 1, 2, be functions of ( , , ) ∈ ℝ 2 × (− 1 ( ), 2 ( ))
given by the defining functions (21). Then each of ( , , , , ( )), i = 1, 2, is at least twice continuously differentiable relative to ( , , ) with (0, 0, , , ( )) = 0. Substitute ( , ), , = 1, 2, 3 for each that appears in the defining functions (34) and (35) Consider the following six-dimensional system of autonomous differential equations.
where
The right hand side of the system of differential equations composed of (25), (26) and (27) is at least twice continuously differentiable relative to
is a steady state of this system. Characteristic roots of the system at this steady state are given by those of J(0, , ( )), those of ( )C(0, ) − ( + )I 3 , and 0, where J( , , ) is a 2 × 2 matrix given by the definition (19). Since J(0, , ( )) has two center roots as a characteristic root, and since ( )C(0, ) − ( + )I 3 has three unstable roots as a characteristic root by Lemma 2, the system composed of (25) and (27) constitutes a bifurcation diagram. 7 Let( ) ∶ ℝ 2 × ℝ 3 ++ × (− 1 ( ), 2 ( )) → ℝ be a continuos function of ( 1 , 2 , 3 , 4 , 5 , ) defined aŝ
For ∈ (− 1 ( ), 2 ( )), we obtain from the equation (16) (0, 0, X * ( , ), , ) =
, , , ( )) .
Let ( , ) be a set defined as ( , ) ∶= {(K, P) ∈ ℝ 6 ++ ∶ H(P, , )K T > 0 3 }. Let 1 ( , ) be a set defined as
By construction for ∈ (− 1 ( ), 2 ( )), (0, 0, X * ( , )) ∈ 1 ( , ), and also by construction for ∈ (− 1 ( ), 2 ( )), (K, P) ∈ ( , ), if and only if ( 1 , 2 , 3 , 4 , 5 ) ∈ 1 ( , ) ∧ 3 > 0. Let = ( , ) be a number defined by the formula (42) in Appendix 4. Let Θ 1 be a set defined as
As shown by Example 4 to Example 7, Θ 1 is non-empty. For ε > 0, let (0, 0, ) ⊂ ℝ 2 be defined as
Then the following proposition holds by the center manifold theorem (Guckenheimer and Holmes [1983, Theorem 3.2 .1]) and the Hopf bifurcation theorem (Guckenheimer and Holmes [1983, Theorem 3.4 .2]).
Proposition 3
Suppose that ∈ Θ 1 . Then there is a set of positive constants i. ( ) = ( , , , ) is continuously differentiable relative to ( , , ) ∈ ( ) × (− 1 ( ), 2 ( )).
ii. X * ( , ) = (0, 0, , ).
iii.
{(x 1 , X 2 , ) ∈ ( ) × ℝ 3 ++ × (− 1 ( ), 2 ( )) ∶ X 2 = (x 1 , , )} constitutes a center manifold of the steady state (0, 0, X * ( , ), 0) in the system of differential equations composed of (25), (26) and (27) .
iv. For each (x 1 , ) ∈ ( ) × (− 1 ( ), 2 ( )), − (1 − )(x 1 , (x 1 , , ), , ) > 0.
v. For each ∈ (− 1 ( ), 2 ( )), {(x 1 , X 2 ) ∈ ( ) × ℝ 3 ++ ∶ X 2 = (x 1 , , )} ⊂ 1 ( , ).
Stability of closed orbit
We have sufficient preparations to analyze the stability and the determinacy of equilibrium around a closed orbit obtained by the supercritical Hopf bifurcation. Let Φ 1 , Φ 2 , and Φ be defined as
Then Φ 1 is non-empty by Proposition 3 and Example 7, and Φ 2 is also non-empty by Proposition 3 and Example 4 to Example 6. In the present subsection we suppose that ∈ Θ 1 and that ( , ) ∈ Φ. Let ( ) be a set in ℝ 5 defined as
Let ( , ) ⊂ ( ) be a two-dimensional manifold defined as ( , ) ∶= {(x 1 , X 2 ) ∈ ( ) × ℝ 3 ++ ∶ x 1 ≠ (0, 0) ∧ X 2 = (x 1 , , )}.
Let ( , 1 ∶= 1 1 , 2 ∶= 2 2 , 3 ∶= 3 3 .
Let ( 1 , 2 , 1 , 2 , 3 ) be defined as
( 1 , 2 , 1 , 2 , 3 ) ∶= (log 1 , log 2 , log 1 , log 2 , log 3 ). 
Appendix 4
Let̄=̄( ) be the (i, j)-element of the inverse matrix ofB( ). Let = ( , ) be a number defined as 
